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Fragments of first- and second-order arithemetic

>

>

The language of first-/ second-order arithmetic:

‘Cl = {+a X, <7:707 1}1 £2 = {+7 X, <7:707 1a 6}

AY, 20 TIY -formulas are defined by counting the number of blocks
of unbounded quantifiers.

0

0
» and a I, formula

A formula is AY if it is equivalent to both a ¥
(over some model or theory).

I3Y consists of PA™ and Induction for all £! formulas ¢:
2(0,2) A (Ve (p(2,8) = ¢z +1,7)) = Vo ¢(z,0).
BYY consists of IA§ and Collection for all X! formulas ¢:

Vo < a Jy ¢(x,y,¢) = b Ve < a Iy <b p(z,y,7).

(Paris—Kirby 1978) IA{ + exp 4 BY) + exp 4 IX] 4 BX) 415 . ..

and none of the converses holds.

RCA( = IX? + Af-comprehension.
WKLy = RCAy+"each infinite binary tree has an infinite path".
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End extensions

Definition
Let M, K EPA~, M C K is an end extension if

Vee K\MVYye My<u.

Denote it by M C, K. We say that the extension is proper if
K # M, and it is n-elementary if all the 3J,,-formulas are absolute
between M and K.
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End extensions vs Elementarity

End extensions with elementarity provides a model-theoretic
characterization of the strength of induction/collection in the
ground model.

Theorem (MacDowell-Specker 1959)
Every model of PA has a fully elementary proper end extension.

Theorem (Paris—Kirby 1978)
For any n € N, let M |=1Aq + exp be countable, then

AK # M, M Senpo K < M =B, 4.

In particular, if M has a fully elementary proper end extension,
then M = PA, i.e., the converse of MacDowell-Specker Theorem
holds.
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Generalizing Paris—Kirby

Theorem (Paris—Kirby 1978)
For any n € N, let M |=1Aq + exp be countable, then

AK # M, M Senpo K < M =B, 40

Questions
» What end extension property characterizes M = 1%,,197

» For which theory T', we can always let K =T in the
Paris—Kirby Theorem?

%, v trivial from (n + 2)-elementarity

B, ?
101 X implies M = B, 3
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The Kaufmann—Clote question

This remaining question is due to Clote, where he mentioned that
the same question is raised by Kaufmann in the context of models
of set theory.

Question (Kaufmann—Clote)

Let n € N, does every countable model of BY,, ;2 admit a proper
(n + 2)-elementary end extension K = BY,, 117

Theorem (S.)
Yes.
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Another story: the regularity principle

Definition (Regularity principle)

» Let p(z,y) be a first-order formula. Then R¢ denotes the
universal closure of the following formula:

3 Jy < a p(x,y) — Jy < a I o(z,y).

» For any formula class I', RI' =1Ag + {Rgp | ¢ € T'}.

Theorem (Mills—Paris 1984)
For eachn € N, BY, 12 & R¥,, 11 & RIL,.
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Regularity principle vs End extensions

The existence of proper end extension with elementarity indicates
certain regularity principle via a ‘nonstandard analysis’ argument.
Proposition
Let M =1Ag+exp. If 3K # M, M <cpnt2 K, then M = RIL,.
Proof.
Let M |= 3% 3y < a p(z,y) for some ¢(x,y) € I1,,.

1. Transfer this II,, 1 o-statement to K by elementarity.

2. Pick some d > M in K such that K |= ¢(d, c) for some
c¢<a. Thenforanybe M, K =3z > b ¢(x,c).

3. Transfer each of these statements back to M. Then
M = 3z o(x, ).

8/22



Regularity principle vs End extensions

Proposition
Let M = 1A + exp. If 3K # M, M <ento K = B, 1, then

M =V Iy < a o(z,y) = Jy < a 3% o(z,y)

for any ¢ € I1,,41.

Proof.

Same as the previous proof. Notice that in step 1,

Vo Jy < a p(x,y) is 11,12 over BY,, 11, so this statement
correctly transfers to K. Ol

We call this formula the weak regularity principle WR.

Corollary
If K—C question has a positive answer, then BX,, 1o - WRII, ;.
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A syntactic proof of BX,, .o H WRII, .1 via WKL

Proposition
BXY + WKL - WRIILY.
Proof.

Let (M, X) = BYY + WKLo + Vz 3y < a Vz 0(x,y, ) for some
6 € AJ. Consider the following a-branching tree T':

oc€T < VYx,z<leno O(x,0(x),2).

By IX, for each [ € M there is a o with leno = [ such that

Vz 0(x,0(x),2), so T is infinite. Pick a infinite path P € X’ of T
Then (M, X) EVz Vz 0(z, P(x), z). Finally, pick a ¢ < a such
that 3%z P(x) = ¢ by BX). O
The first-order version follows by a standard relativization
argument and the fact that WKL is I1}-conservative over BX.9.

Question

How does such argument relate to the K—C question?
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From first- to second-order ultrapower

» Paris—Kirby's construction is based on a (first-order)
A, +1-ultrapower construction.

» One can show that such A, 1-ultrapowers always fail to
satisfy BX,, 11 in the K-C question.

» The syntactic proof above indicates that we need to work in a
second-order context with WKL.
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From first- to second-order ultrapower

Definition (Second-order ultrapower)
Let (M, X) = IXY, and U be an ultrafilter on X such that all the
A € U are cofinal in M. Then the second-order ultrapower
(F/U,X) is defined to be (F/ ~, X), where
» F is the class of total functions in X" and
frg = {zeM]|[f(z)=ygl)} el
» Forany Ac X, [fle A <= {ze M| f(x) e A} € U.

Theorem (to$, essentially Kirby 1984)
» For any p(x) € X9(M, X),

(F/U, X) = o([f]) =
JAe X, {ze M| (MX) E=o(f(x)} 2 Acl.

> (M, X) %23 (F/U,x).
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The construction

By a relativization argument and expansion to WKLy, it suffice to
show the following:

Lemma
For any countable (M, X) = BXY + WKLy, there is a
second-order ultrapower (M, X) C, (F/U,X) = BXY.

Proof.
The argument for ‘C,' is standard: For each f € F, if
[f] < a € M is forced to be true, that is

{reM| flx)<alelU

then by BXY, we can let {z € M | f(x) = b} € U for some b < a,
and thus [f] = b. Otherwise, we can always force [f] > a by setting

{re M| f(x)>a} €U.
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The construction (cont.)

To have (F/U,X) = BXY, we need to ‘force’ all the instances of
BX{ step by step:

vy <lg] 32 0([f],y,2) = b Vy < [g] Iz < b O([f],y,2),
where § € AY and f, g are total functions in X.

Strategy: We always try to force the conclusion to be true in
(F/U,X). That is, try to set

{reM|IdVy<glx)Iz<do(f(x),y,2)} DAl

for some A € X. If we succeed, then by t0§'s theorem, we are
done. If not, then we can make use of the extra information given
by the failure.
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The construction (cont.)
The failure means {x € M | 3d Vy < g(x) 3z < d 0(f(x),y,2)} is
bounded. By BXY, there is a b € M such that:
(M, X) |= Vo > b 3y < g(x) Vz ~0(f(2),y, ).

Similar to the proof of BE9 + WKLg - WRILY, we can construct a
finite branching tree T', and there is a infinite path(total function)
P € F of T bounded by g, such that

(M, X) |=VYx > bVz =0(z, P(x), 2).

Such P € F provides a witness of Jy < [g] Yz =0([f], vy, z) by
tod's theorem. O

Theorem
For any n € N and countable M = BY,, 12, there is a
(n + 2)-elementary proper end extension M C, K =B, 1.
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The strength of WRI' in the |-B hierarchy

We continue analyzing the strength of WRI'.
Theorem
For each n € N,
> BY, 10 < WR(Z,41 VI 41) & WRE(E,).
> WR(X,41 All1) FIX40.

Question

For which formula class I', WRI" < 13,497
Does WR(X, 11 A1l 41) & 18,497
(Which end extension property characterize M = 13,,127)
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Induction up to an initial segment

Proposition
For each n € N, let M, K be models of 1Ay + exp and M C. K.
Then TFAE:

» For any ¢(x,y) € ¥p11(K) and a € M,
K 3bVe <a (Jy e(z,y) <y <bo(,y)).

» Forany p(x) € Xp11(K)anda e M, {x <a| K |E p(x)}is
coded in K (and actually in M).

We call them K | M-1%,;.
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Regularity principle vs End extension (cont.)

There is also a corresponding ‘nonstandard analysis’ argument for
K E M-1%,4;.

Proposition

Let M =1Ag+exp. If 3K # M, M Sep+2 K = M-I¥, 44, then
M }: WR(En+1 VAN Hn+1).

Proof.

The proof is still the same. Notice that

Vo Jy < a (e(x,y) ANp(x,y)) is equivalent to a II,,;o-formula over
1¥,,41, and actually over M-IX,, 11 since a € M. So again this
statement correctly transfers to K. O

Remark

Actually the argument above proves M = WRep, where
o(z,y) € ¥o(Xn+1), and x does not appear in the bound of a
bounded quantifier. In particular, M = WRep if p(z,y) is a
Boolean combination of ¥, ;-formulas.
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Characterizing 1>, .5 by end extensions

Proposition

For any n € N and countable M |=1¥,2,

AK # M, M Sepnt2 K = M-1¥,1;.

Again, it suffice to show the second-order version. This time, we
don't need WKLjg.

Proposition (Second-order version)

For any countable (M, X) = RCAq + IX9, there is a second-order
ultrapower (M, X) C. (F/U,X) E M-I3Y.

The proof is mild generalization of Clote (1985), where he proves
that every countable M |= 13,42 has a proper (n + 2)-elementary
end extension to some K = M-BY, 1, which is defined similar to
M-1%,41.
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The construction

Proof.
For each uniform sequence of ¥.{-definable sets {A;};, say
A;={x e M| o(f(x),i)} where p € X and f € F, we try to
maximize

{i<b|3FAe X A, D AcU}.

That is, let B € X be the intersection of all the subsets currently
enumerated into . Take the largest ¢ < 2° such that

ﬂ A; N B is cofinal in M,
1€Ack(c)

and put a subset of this set in X" into U4. Then such ¢ will code

{i <[ (F/U,X) = o(f], 1)} =
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Characterizing 1>, .5 by end extensions

Theorem (S.)
For anyn € N, let M |=1Aq + exp be countable, then

AK # M, M <enyo K = M5, < M EIS,,0.

Theorem (S.)
For eachn € N, WR(X,, 11 A1l 41) < 15,40.

Question
Is there a syntactic proof of the equivalence above?
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Summary
» K-C question has a positive answer:
dK # M, M <Sent2 K EBYpi1 <= M |=BX, 0.
» A model-theoretic characterization of 13, 5:
AK # M, M Sept2 K |EM-13,11 <= M E=1X,10.
» The strength of the weak regularity principle:
BY, 2 < WR(X, 11 VII,41) & WRYo(2,).

e WR(Zn+1 A Hn+1).

Thank You!
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