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Let PA be the usual axiom system for first-order
Peano arithmetic. The standard model of PA is
N, +n, Xn- We expand the language of PA by
introducing, for each k> 1, a Ramsey quantifier
Q* which binds k& number variables.

In the standard model N, the semantics for QF is:
QFxq -z P(x1,...,x;) holds if and only if there

exists an infinite set X C N such that ®(a1,...,a;)
holds for all ay,...,a; € X such that a1 < -+ < ag.

Building on Magidor/Malitz 1977, Macintyre 1979
introduced an axiomatic theory PA(Q) consisting of
PA plus some axioms for Ramsey quantifiers, and he
proved a completeness theorem for PA(Q). However,
his proof used a set-theoretical hypothesis which is
independent of ZFC, namely Jensen’s diamond.

Schmerl 1980 gave a better set of axioms and a
better version of the theorem, and he eliminated the
diamond hypothesis. These results were published in
§2 of Schmerl/Simpson 1982.



Schmerl's axioms for PA(Q) with k£ = 2:

1. The axioms of PA, plus induction for all
PA(Q)-formulas.

2. If Qzy ®(z,y) and Va Vy (P(z,y) = V(z,y)),
then Qxy WV (z,v).

3. If Qzy P(z,y), then
2Qry(z<azANz<yAdP(z,2) ANP(z,y) AN P(x,y)).

4. If VeVy ((z <y AN O (x) ANO(y)) = P(x,y)) and
Vzdze (z <2 A O(x)), then Qry P(x,vy).

Let S O PA(Q) be a set of sentences in the language
of PA(Q). A strong model of S is a model M of PA
which satisfies S if we interpret M = Qxy $(x,y) as
(3 unbounded X C M) (Vx,y € X)(z <y = P(z,y)).

Completeness/Compactness Theorem (Schmerl):
S is consistent if and only if, for all uncountable
regular cardinals k, S has a k-like strong model.



In his 1979 paper, Macintyre discusses a famous
theorem of Paris and Harrington. Namely, a certain
slightly modified version of the finite Ramsey Theorem
is not provable in PA, a.k.a. first-order arithmetic. The
Paris/Harrington theorem had important foundational
implications, because it was the first transparent
example of a finite combinatorial statement which is
not provable in PA. And a little later, other authors
produced similar finite combinatorial statements which
are not provable in some of the best-known
subsystems of second-order arithmetic which are
much stronger than PA.

T his situation was the motivation for Macintyre’s
study of PA(Q), which is also much stronger than PA.
It had become desirable to compare PA(Q) with
subsystems of second-order arithmetic, from the
perspective of finite combinatorial theorems.

In §3 of Schmerl/Simpson 1982, we solved this
problem by presenting the following theorem:

A sentence in the language of PA is provable in PA(Q)
if and only if it is provable in Mi-CAq.

T his system I‘I%—CAO is now well-known as one of

the “Big Five" subsystems of second-order arithmetic,
studied in Chapters 2 through 6 of my 1999 book.

T hese five systems are recognized as being important
because they play a key role in reverse mathematics.
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