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Part I: Background: L|P| for a C.U.B. class P C On.
The Hirtig Quantifier Model C(1).

Part II: From L|Card| to L|Reg]|, and L[S] for S C Reg.
The Regularity Quantifier Model C(R).



e Consider c.u.b classes of ordinals P C On and the universes L|P)]
constructed from them.

Examples: L[C"| where C" =4 {a | (Vo,€) <5, (V,€)}.

L|I]  where [ is the class of uniform Silver indiscernibles thus:

[ = ﬂ I.

rCw;riexists

L|Card] where Card is the class of uncountable cardinals.



e What do these models have in common, if anything?

e What are their properties? Are they models of GCH?
What is the descriptive set-theoretic complexity of their reals?



Assuming only modest large cardinals in V' (below a measurable with
Mitchell order > 0):

e These models all have the same reals:
RL[C23] _ RL[I] _ RL[Card]

e In fact they are all elementary equivalent:

<L[CI7]>E> C17> = (L[I],E,I) = <L[Card],e, Card>

where the elementary equivalence is in the language L. ; with a predicate sym-
bol P for ordinals.



The reason behind this

¢ O isthe sharp for the least inner model with a proper class of measurable
cardinals. “Ok” is “Qkukri»

Theorem 1 (ZFC) Suppose OF exists. There is a definable proper class C <
On that is cub beneath every uncountable cardinal, so that for any definable cub
subclasses P, Q < C:

RPN = REQL (1[P],€,P) = (L[Q],€, Q)

where the elementary equivalence is in the language L. , with a predicate sym-

bol P. Moreover this theory is invariant into outer models of V, i.e. into ZFC-
preserving extensions.



Slogan:
We are seeing if large cardinals affect the informational content of L|Card].

The conclusion is that they do not: once we get to O these models become
in one sense the same.

Definition 1 Let OF name the least sound active mouse of the form
My =g4¢ (]EMO , EMo o) so that

a0

My & “Fy is a normal measure on ko A 3 arbitrarily large measurable cardinals below k.



(i) My is a countable structure.

(ii) We may form iterated ultrapowers of M, repeatedly using the top mea-

sure Fy and its images to form iterates M, =4¢ (Jo.*, Epm,, F,) so that M, £
“F, is a normal measure on k, .

(iii) These iterations generate, or “leave behind’, an inner model

L[Eo]=as U Hy' = U Hyy'

LeOn LeOn

(iv) The cub class of critical points Cy;, = (k, | ¢t € On) forms a class of in-
discernibles that is cub beneath each uncountable cardinal, for the inner model

L[E,].

(v) L| Ey| is similarly the minimal inner model of a proper class of measurables:
any other such is a simple iterated ultrapower model of L[ Ey .



e We iterate L[E], or equivalently O* = My, so that in the resulting model
L[E¢] (C = Card) the measurables are precisely the .., below.

Define the function:
C(O‘) = (Nwowk | 0<k< w)

and let
o =df Rua+w-

e Moreover in L[E“] the full measure on i, is generated by c(«).



More general P

Definition 1 We say P is appropriate if it is any c.u.b. subclass of
Cum, =df {Ka | € On}.
Let (\,|t € On) be P’s increasing enumeration. Define the function:
c(a) = c"(a) = Apark |0 < k <w)

and
Mo = ,LLZ =df A\wa+w-



Definition

For v = k,, € Cy, let P” = PP" be the following set of function pairs
(h,H):

(i) |H € ll<,U,, dom(h) = v |and | supp(k) is finite | where:

supp(h) =4 {a € dom(h) | h(ar) # O}.
(1) [Various usual Prikry like conditions]

For (f,F), (h,H) € P¥ set

(f,F) < (h,H) iff Va < v(f(a) D h(a) A f(a)\h(a) C H(a)).
We let G¥ be IP”-generic over L[EF], and we define ¢ = cg» by

= J{h(@) | 3H(h,H) € G"} forall a < v.

e IP¥ has the v - c.c. (and this is best possible).



Theorem (Mathias Condition - Fuchs)
A function d is IP¥ -generic over L|[E"] <

vX € |[ UanLEET] | ) (d(a)\X()) is finite.

a<v o<V

(Here U,, is on ji,, the o’th measurable of L[E"].)

Definition

A sequence ¢ = (c(a) | « € A) where A is a set of measurable cardinals,
with U, a normal measure on ¢, 1s said to have the U-set property if for
every sequence A = (A, | « € A) witheach A, € U,, then

Uaena (c(a)\Ag) is finite.

o Ifp=(h H) e LIE"], define d(a) = h(a) U (c(ar) N H(cx)). Thus we
have a d € L[E"][c| and L[E"][c] = L[E"][d].

G. Fuchs, “ A Characterisation of Generalized Prikry forcing”, Archive for
Math. Logic, 2005.



Corollary

Let ¢ be PV -generic over LIE"]. Let p € IP”. Then there exists a sequence d
which is PV -generic over LIE"] so that:

()| Une, (c(0) ()] <
(ii)p e Gy.

Consequently we have also:

Corollary (Weak Homogenity)

If o(vo,...,v,_1) is any formula and a,, . . . 4, any forcing names for
elements of LIE”), and p € IP¥ we have

v

p lFpv 90(511, Ce ,Eln_l) = 1 IFps gp(al, Ce ,Zln_l).

o Ifp=(hH) € L[E"], define d(a) = h(c) U (c(a) N H()). Thus we
have a d € L[EF][c] and L[EP][c| = L[E][d].



The class version: the full forcing P> = P¥

Ifv e D =g {veC|v=MA} the top measurable of M,,, we have
P” e A{W”. Then:

. . . : L[EC
c” is P¥-generic over L[E¢] <= ¢" is P”-generic over HVE |

((L[EC]))
Ont

C
(1) “Stretch” H” =4t H ﬁJ[rE

| to Heo =qf H
(2) Forv,ve D,.<v, 7, : (H, P 1+,) —. (H”,[P”,IF,).

(3) (HOO>E> koo, P77, </7:‘:b>00>> —df Limb—>OO,L€D (HL> SH P P, <’7:‘:L,V>>'

o Note: P*° does not have the On-c.c. H* will be a natural Kelley-Morse
model: but P*° is still a class forcing over this model.



e The definability of the forcing IP¥ over Hﬁ[fl)] for v € D together with

(i) L, [E"] < L[E"]; and
(1) its weak homogeneity,
yields the definability of the theory of L[E”][c| over any such Hﬁf !



Theorem

Assume that OF exists and P is an appropriate class.
(i) KMP) = LIEP] where E is a coherent filter sequence so that

LIE"] = “ K is measurable” < k = i, for some o.

(ii) The class " =4 (" (@) | o € On) of w-sequences is mutually
P¥-generic over L|E"] for the full product Prikry forcing P*'; moreover

LIP] = LIE"][c"] = L|c"].




Secondary Statement of Main Theorem

Corollary 1 Assume O exists. Let P be any appropriate class. Then in L[P]:

(i) Each pg is Jonsson, and c,, forms a coherent sequence of Ramsey cardinals
below (1. But there are no measurable cardinals.

(ii) For any L| P|-cardinal k we have &, O, (K, 1)-morasses etc. etc.
(iii) The GCH holds but V. + HOD.

(iv) There is a A% wellorder of R = IRKL[P];
Det(a-I1}) holds for any countable o, but Det(Z9 (11})) fails (Simms, Steel).



Part II: Going to L|Reg]

o O° = 0% is the least inner mouse whose top measure concentrates on
the measures below.

We form an iteration of My = O° 1n blocks:

(1) iterate the least measurable of M to align onto N, now in the model
My,_; then the least measurable of My _ above X, to align onto N,,., now in
the model My, ,;

(2) If V has, e.g., unboundedly many 1-inaccessibles, then there will be
inaccessible stages A where in M A 1s the image of critical points from
below, arising from our alignment process. In this case we use the order zero
measure on A to form the ultrapower My — M, .

We then iterate the least measure which has now appeared in M), | above A
up to the next simple N .



Leaving measures behind

(3) If \ is of the form p;) = sup(p|k < w) where Tod o, (p)) = ,0,?“

with p; € Inacc, then use the next measure above A in M), (if such exists);
or else the order 1 measure of M, to iterate up to the next simple limit N.

However, here we have:
ﬂ-plf\ >p1?\+1 (Epli\ ) - Epl?\—l—l

And thus: mx A (E,n) on A = 2, is the measure that is left behind on ).
(4) Otherwise: then A € SingCard, and not a simple limit N, so then we

finish as 1n (2) iterating the next unused measure to the next simple limit
Ny



The upshot is that we have a model L[E®] (R = Reg) with: 1 measurable in
L|ER] iff

Either:
1= o = Ny.a1w for some « and the measure is generated by (R, 1) k<w-

Or:

L= po = po for some o = sup{py }r<w and the measure is generated by
inaccessibles () k< w-



But also:

Lemma

All but at most finitely many V-inaccessibles are of the form p.' for some
n, Q.



Magidor genericity

To deduce Magidor genericity of the ¢ sequence needs a recent result of
Ben-Neria.

Definition

Let ¢ be a set of w-sequences with c¢(«) C a. Then ¢ has the (strict)
separation property 1t only finitely many (respectively no) pairs of the form
(v,k) and (V', k") with v € ¢(k), V" € c(K") are interleaved, that is satisfy
v <v <k <KkK.



Theorem (Ben Neria)

IfVv € Inacc: G v =y4 (c(a) | a < V)
has both the U,,- Set and then Separation properties then.:

G | v is P, -Magidor-generic over L{U¥].

e Here L[ﬁR] 1s the least Kunen-style inner model constructed from the
measure sequence U, =4 EX _ where the latter Eﬁa are the full measures of

L[EX].



e The model L[UF] actually is also an L[E]-model, call it L[EX] which has
the same measurables as L[EX]. It is just that our original iteration may not
pick out the least inner model with exactly those measurables.

(Compare: there are fine-structural L|E]-models with precisely one
measurable cardinal, but that does not mean that L|E] is the least such -
which is of the form L|u].)



Corollary
Osword g L [Re g] .

We have conversely:

Lemma

Suppose OV exists. Then it is consistent that it is the <*-least mouse not
in L|Reg|. Consequently it is consistent that the structure of Reg is such that

the construction procedure above cannot be effected by any smaller mouse
NO < Osword.

This will be a special case of the next result.

Theorem

(a) ZFC = Let S| C Reg be a set or proper class of infinite regular
cardinals. Then O ¢ L[S;]”.

(b) Both these results are best possible. In particular for (a) O° cannot be
replaced by any sound mouse M <* O°.



Corollary (to the argument)

If On is Mahlo, then O°, if it exists, is <*-least not in L|Reg| and
consequently we must use O° and nothing smaller to generate an inner
model W with LReg| = W |[c].



The Hartig quantifier |

Definition

M — Ixygp(x,ﬁ)zb(y,ﬁ) N

Ha | M= ela,pli| = {6 | M = 9[b, pl}

L, = %

Lla—l—l = Defpi(L,)

LI)\ — Uoz<)\ Lla
and then L' =, L.,

e Then L' is the Hiirtig quantifier model of [KMV], there written C(I).

[KMV] J. Kennedy, M. Magidor, J. Vadninen “Inner Models from Extended
Logics” to appear.



When P = Card
Lemma1 C(I)(=L') = L[Card].

Theorem

-OF «— K¢U) = K.

Corollary
(V= LIE]) -0 <=V =C().



The Regularity quantifier R

Definition

M |= Rxp(x, p)

and then L7 = |

-




When P = Card

Lemma

C(R) (= L%) = L|Reg]

Theorem

0% <= K‘®) =K

Corollary
(V=L[E]) —0° <=V = C(R).






